Abstract. In this paper we devote to spaces that are not homotopically hausdorff and study their covering spaces. We introduce the notion of small covering and prove that every small covering of X is the universal covering in categorical sense. Also, we introduce the notion of semi-locally small loop space which is the necessary and sufficient condition for existence of universal cover for non-homotopically hausdorff spaces, equivalently existence of small covering spaces. Also, we prove that for semi-locally small loop spaces, X is a small loop space if and only if every cover of X is trivial if and only if π top 1 (X) is an indiscrete topological group.
Introduction and Motivation
Recall that a continuous map p : X −→ X is called a covering of X, and X is called a covering space of X, if for every x ∈ X there is an open subset U of X with x ∈ U such that U is evenly covered by p, that is, p −1 (U ) is a disjoint union of open subsets of X each of which is mapped homeomorphically onto U by p.
In the classical covering theory, one assumes that X is, in addition, connected, locally path connected and wishes to classify all path connected covering spaces of X and to find among them the universal covering space in categorical sense, that is, a covering p : X −→ X with the property that for every covering q : Y −→ X by a path connected space Y there is a covering f : X −→ Y such that q • f = p. If X is locally path connected, we have the following well-known result which can be found for example in [6] :
Every simply connected covering space of X is a universal covering space. Moreover, X admits a simply connected covering space if and only if X is semi-locally simply connected, in which case the coverings p : ( X,x) −→ (X, x) with path-connected X are in direct correspondence with the conjugacy classes of subgroups of π 1 (X, x) via the monomorphism p * : π 1 ( X,x) −→ π 1 (X, x).
Outside of locally nice spaces, the traditional theory of covering is not as pleasant. Although H. Fischer and A. Zastrow in [4] studied universal covers of homotopically hausdorff spaces. They defined generalized regular coverings of topological space X as functions p : X −→ X satisfying the following conditions for some normal subgroup H of π 1 (X): U 1 . X is a connected, locally path connected space. U 2 . The map p : X −→ X is a continuous surjection and π 1 (p) : π 1 (X) −→ π 1 (X) is a monomorphism onto H. U 3 . For every connected, locally path connected space Y , for every continuous function f : (Y, y) −→ (X, x) with f * (π 1 (Y, y)) ⊆ H, and for everyx ∈X with p(x) = x, there is a unique continuous g : (Y, y) −→ (X,x) with p • g = f .
This generalized notion of universal covering p : X −→ X enjoys most of the usual properties, with the possible exception of evenly covered neighborhoods. If X is path connected, locally path-connected and semilocally simply connected, then p : X −→ X agrees with the classical universal covering. A necessary condition for the standard construction to yield a generalized universal covering is that X be homotopically Hausdorff. A space X is homotopically Hausdorff if given any point x in X and any nontrivial homotopy class [α] ∈ π 1 (X, x), there is a neighborhood U of x which contains no representative for [α] . Accordingly, we would like to study coverings of non-homotopically Hausdorff spaces and discover the topology type of their universal covering spaces.
is small if and only if there exists a representative of the homotopy class [α] ∈ π 1 (X, x) in every open neighborhood U of x. A small loop is nontrivial small loop if it is not homotopically trivial. The small loop group π s 1 (X, x) of (X, x) is the subgroup of the fundamental group π 1 (X, x) consisting of homotopy classes of small loops. A non-simply connected space X is called small loop space if for every x ∈ X, every loop α : (I, ∂I) −→ (X, x) is small. (1))} for which α is a path with α(0) = x.
It is easy to check that the small loop group is a subgroup, but not necessarily a normal subgroup of π 1 (X, x). Furthermore, it is a functor from hT op * to Groups. The presence of small loops implies the absence of semi-locally simply connectedness and homotopically Hausdorffness. While general non-semi-locally simply connected spaces may have non-homotopic nontrivial loops at every neighborhood of some point, in the case of a small loop the homotopy type of one loop can be chosen for all neighborhoods of the base point.
In section 2, we find out some relation between small loop groups, SG subgroups and fundamental groups. Z. Virk in [7] constructed a small loop space by using Harmonic Archipelago and studied the relation between covering spaces and small loop group, for example, for the universal covering space p : X −→ X of nonhomotopically Hausdorff space X, p * π 1 ( X,x) contains π sg 1 (X, x) as a subgroup and so X has no simply connected cover. We show that this holds for every cover of X. In section 3, we show that if X is a small loop space, then X is a universal cover of X. Also, in this case X is not homotopically Hausdorff and π s 1 (X,
Finally, in section 4, we present the main result of this article which state that a space X has a small loop space as cover if and only if X is a semi-locally small loop space, that is, for every x ∈ X there exists an open neighborhood U such that i * π 1 (U, y) = π s 1 (X, y), for all y ∈ U , where i : U −→ X is the inclusion. Moreover, we show that if X is a semi-locally small loop space, then X is a small loop space if and only if every cover of X is trivial if and only if the topological fundamental group of X is indiscrete.
throughout this article, all the homotopies between two paths are relative to end points.
small loop groups
The importance of small loops in the covering space theory was pointed out by Brodskiy, Dydak, Labuz, and Mitra in [2] and [3] and by Virk in [7] . In this section, we study basic properties of small loops, small loop group and SG subgroup of fundamental group of non-homotopically Hausdorff spaces X and their relations to the covering spaces of X. It is obvious that if the topological space X is not homotopically hausdorff then there exists x ∈ X such that π s 1 (X, x) = 1. Theorem 2.1. For every cover p : X −→ X and x ∈ X we have π s
and let U be an evenly covered open neighborhood of x such that p −1 (U ) = ∪ j∈J V j . Since α is a small loop, there exists a loop α U : (1)). If α is the lift of α with initial pointx and end pointỹ,
Corollary 2.2. If there exists x ∈ X such that π s 1 (X, x) = 1, then X does not admit a simply connected cover. Corollary 2.3. Let X be a connected, simply connected, locally path connected space. If G is a group acting properly on X, then X/G has no small loop.
Example 2.5. Fischer and Zastrow [4, Examples 4.13, 4.14, 4.16] introduced some spaces that admit generalized universal cover. Since for the existence of generalized universal covers, the condition homotopically Hausdorff is necessary, spaces which admit generalized universal cover has no small loop. For example, subsets of closed surfaces, 1-dimensional compact Hausdorff spaces, 1-dimensional separable metrizable spaces, and trees of manifolds.
For example, consider a non-simply connected, semi-locally simply connected space.
small loop spaces and covers
In keeping with modern nomenclature, the term universal covering space will always mean a categorical universal object, that is, a covering p : X −→ X with the property that for every covering q : Y −→ X by a path connected space Y there is a covering f : X −→ Y such that q • f = p. The following theorem comes from definitions.
Theorem 3.1. Every cover of a small loop space X is homeomorphic to X.
Proof. Let p : X −→ X be a cover of small loop space X. Then by Theorem 2.
, for each x ∈ X which implies that X is a one sheeted cover of X and so they are homeomorphic.
Definition 3.2. By a small covering of a topological space X we mean a covering p : X −→ X such that X is a small loop space. Lemma 3.3. If X has a small covering p : X −→ X, then a loop α in X is small if and only if there exists a lift α of α in X which is closed.
Proof. Let α be a small loop at x in X, U be an evenly covered open subset of X containing x and α U be a loop at x in U that is homotopic to α. Ifx ∈ p −1 ({x}) and V be the homeomorphic copy of U in p −1 (U ) which containsx, then α U = (p| V ) −1 • α U is a loop atx in X which easily seen that it is a small loop. Since α ≃ α U , if α is the lift of α with initial pointx, then α(1) = α U (1) =x which implies that α has closed lift. Conversely, assume α has closed lift α and U, V be chosen as above. Let α V be a loop atx in V that is homotopic to α, then α U = p • α V is a loop at x and homotopic to α. Since every open subset of an evenly covered open subset is evenly covered, the result holds.
Corollary 3.4. If X has a small covering p : X −→ X, then X is not homotopically Hausdorff.
Theorem 3.5. If X has a small covering p : X −→ X, then p * π 1 ( X,x) is a normal subgroup of π 1 (X, x).
There exists a closed lift α of α. Let β be the lift of β with initial pointx. If γ is the lift of β −1 with initial point β(1), then γ = β −1 . Hence β * α * β −1 is a loop and p • ( β * α * β −1 ) = β * α * β −1 which implies that β * α * β −1 is small since it has a closed lift. Therefore p * π 1 ( X,x) is a normal subgroup of π 1 (X, x). Proposition 3.6. If X has a small covering p :
, U is an evenly covered open subset of X containing x and V is the homeomorphic copy of U in X containingx. Since X is a small loop space, there exists a loop
and by Theorem 2.1 the result Corollary 3.7. If X has a small covering, then π s 1 (X, x) is a normal subgroup of π 1 (X, x), for every x ∈ X. We denote COV(X) to be the category of all coverings of X as objects and covering maps between them as morphisms.
Theorem 3.8. A small covering of space X is the universal object in the category COV(X).
Proof. Assume p : X −→ X is a small cover of X and q : Y −→ X is another covering, then by Proposition 3.6
Existence
We now consider the following natural question: Given a non-homotopically Hausdorff space X, does X have a small covering space? First, we derive a rather simple necessary condition. Let ( X, p) be a small covering space of X, x be an arbitrary point of X,x ∈ p −1 ({x}), U be an evenly covered open neighborhood of x and let V be the homeomorphic copy of U in p −1 (U ) which contains the pointx. We then have the following commutative diagram involving fundamental groups:
Obviously π s 1 (X, x) ⊆ i * π 1 (U, x). Let α be a loop at x in U such that i * ([α]) = 1 and let α = p|
Since (p| V ) * is isomorphism and p * is injective, commutativity of diagram implies that j * ([ α]) = 1. Therefore α is a nontrivial small loop in X and since p * π 1 ( X,x) = π s 1 (X, x), [α] ∈ π s 1 (X, x). Thus we conclude that the space X has the following property: Every point x ∈ X has a neighborhood U such that i * π 1 (U, x) = π s 1 (X, x). We call a space with this property a semi-locally small loop space. Since for every y ∈ X, we have i * π 1 (U, y) = π s 1 (X, y), this definition can also be rephrased as follows: Definition 4.1. A space X is a semi-locally small loop space if and only if for each x ∈ X there exists an open neighborhood U of x such that i * π 1 (U, y) = π s 1 (X, y), for all y ∈ U , where i : U −→ X is the inclusion. In the sequel, all the spaces are path connected. Lemma 4.2. If X is a semi-locally small loop space, then π sg 1 (X, x) = π s 1 (X, x), for every x ∈ X. Also π s 1 (X, x) ∼ = π s 1 (X, y), for every x, y ∈ X. Proof. For every x ∈ X we have π s (1)). For every t ∈ I, let U t be an open neighborhood of α(t) such that i * π 1 (U t , y) = π s 1 (X, y), for all y ∈ U t . The sets α −1 (U t ), t ∈ I, form an open cover of I. Let λ > 0 be the Lebesgue number for this cover. Choose N ∈ N so that 1/N < λ. For each 1 < n ≤ N let
Reindex the U t 's so that α(I n ) ⊆ U n for each 1 < n ≤ N. The U n 's are not necessarily distinct, nor does the proof require this condition. For each 1 ≤ n ≤ N , denote y n = α( n N ), y 0 = x and α n = α| In •ϕ n , where ϕ n : I −→ I n is the linear homeomorphism. Since β ∈ π s 1 (X, y N ) = i * π 1 (U N , y N ), there exists a loop β N :
and hence the first assertion holds. Since X is path connected, π sg 1 (X, x) ∼ = π sg 1 (X, y) for every x, y ∈ X and hence the second assertion holds. Lemma 4.3. Let X be a semi-locally small loop space. If for at least one point x ∈ X there exists a covering p : X −→ X such that p * π 1 ( X,x) = π s 1 (X, x), then X is a small loop space.
Proof. First we show that for every y ∈ X andỹ ∈ p −1 ({y}), p * π 1 ( X,ỹ) = π s 1 (X, y). Let α be a path fromx toỹ and α = p • α, then θ :
, which implies that p * π 1 ( X,ỹ) = π s 1 (X, y), for every y ∈ X. Now let γ : I −→ X be a loop atỹ and U be an open neighborhood ofỹ, we show that [ γ] has a representation in U . For this, let U be an evenly covered open neighborhood of y = p(ỹ) such that U ⊆ p( U ) and
Now we are in a position to state and prove the main result of the paper. Proof. If X has a small covering space, by the argument at the beginning of this section, the result holds. Conversely, assume X is a semi-locally small loop space. Choose a base point x ∈ X and let P (X, x) be the family of all paths α in X with α(0) = x. We define an equivalent relation ∼ on P (X, x) as follows. For any α 1 , α 2 ∈ P (X, x), α 1 ∼ α 2 if and only if α 1 and α 2 have the same end point and α 1 * α −1 2 is a small loop. We denote the equivalence class of α by α . Define X to be the set of all equivalence classes of paths α ∈ P (X, x). Define a function p : X −→ X by setting p( α ) equal to the terminal point of the path class α. We shall now show how to topologize X so that it is a small loop space and ( X, p) is a covering space of X.
Observe that our hypotheses imply that the topology on X has a basis consisting of open sets U with the following properties: U is path connected and every loop in U is small. For brevity let us agree to call such an open set U basic. Note that, if x and y are any two points in a basic open set U , then for any two paths f and g in U with initial point x and terminal point y, f * g −1 is small loop.
Given any path α ∈ X and any basic open set U which contains the end point p( α ), denote by ( α , U ) the set of all equivalence classes β such that for some path class [α ′ ] with Im(α ′ ) ⊆ U , β = α * α ′ . Then ( α , U ) is a subset of X. We topologize X by choosing the family of all such sets ( α , U ) as a basis of open sets. In order that the family of all sets of the form ( α , U ) can be a basis for some topology on X, it is enough to show that if γ ∈ ( α , U ) ∩ ( β , V ), then there exists a basic open set W such that ( γ , W ) ⊆ ( α , U ) ∩ ( β , V ). For this, we choose W to be any basic open set such that p(γ) ∈ W ⊆ U ∩ V .
Before proceeding with the proof that ( X, p) is a small covering space of X, it is convenient to make the following two observations: (a) Let α ∈ X, and let U be a basic open neighborhood of p( α ). Then p| ( α ,U ) is a one-to-one map of ( α , U ) onto U . (b) Let U be any basic open set, and let y be any point of U . Then,
where α λ denotes the totality of all path classes in X with initial point x and terminal point y. Moreover, the sets ( α λ , U ) are pairwise disjoint. For proving (a) suppose thatỹ,z ∈ ( α , U ) and p(ỹ) = p(z). Nowz = α * µ , where µ(0) = α(1) = x 1 and µ(I) ⊆ U ; similarly,ỹ = αη , where η(0) = x 1 and η(I) ⊆ U . Since p(ỹ) = p(z), we have η(1) = µ(1), so that η * µ −1 is a closed path in U at x 1 . By the choice of U , η * µ −1 is a small loop in X. Hence [α * η * µ −1 * α −1 ] ∈ π sg 1 (X, x) which implies that α * η * µ −1 * α −1 is a small loop at x, since π sg 1 (X, x) = π s 1 (X, x) by lemma 4.2 . Therefore α * η = α * µ , that is,ỹ =z. Surjectivity of p| ( α ,U ) follows from path connectedness of U .
Clearly, p −1 (U ) contains λ ( α λ , U ). For the reverse inclusion, letỹ ∈ X such that p(ỹ) ∈ U , that is, y = α and α(1) ∈ U . Since U is path connected, there is a path λ in U from α(1) to y. Then α λ = α * λ lies in the fiber over y. Since α = α * λ * λ −1 and α * λ * λ −1 ∈ ( α * λ , U ), α ∈ ( α λ , U ). Therefore (b) holds.
Note that it follows from (b) that p is continuous. Hence, p| ( α ,U ) is a one-to-one continuous map from ( α , U ) onto U , by (a). We assert that p| ( α ,U ) is an open map of ( α , U ) onto U . For, any open subset of ( α , U ) is a union of sets of the form ( β , V ), where V ⊆ U , and hence the fact that p| ( α ,U ) is open also follows from (a). Thus, p maps ( α , U ) homeomorphically onto U . Since U is path connected, so is ( α , U ). Because the sets ( α λ , U ) occurring in statement (b) are pairwise disjoint, it follows that any basic open set U ⊆ X has all the properties required of an evenly covered neighborhood.
Next, we shall prove that the space X is path connected. Letx ∈ X denote the equivalence class of the constant path at x. Given any point α ∈ X, it suffices to exhibit a path joining the pointsx and α . For this purpose, choose a path f : I −→ X belonging to the equivalence class α . For any real number s ∈ I, define f s : I −→ X by f s (t) = f (st), t ∈ I. Then f 1 = f and f 0 is constant path at x. We assert that the map s → α s is a continuous map I −→ X, i.e. a path in X. To prove this assertion, we must check that, for any s 0 ∈ I and any basic neighborhood U of f (s 0 ), there exists a real number δ > 0 such that if |s − so| < δ, then α s ∈ ( α s 0 , U ). For this purpose, we choose δ so that if |s − so| < δ, then f (s) ∈ U ; such a number δ exists because f is continuous. Thus s → α s is a path in X with initial pointx and terminal point α , as required.
Finally, we must prove that X is a small loop space. For this, we first show that p * π 1 ( X,x) = π s 1 (X, x). We know that p * π 1 ( X,x) is the isotropy subgroup corresponding to the pointx for the action of π 1 (X, x) on p −1 ({x}). By Lemma 2.1 it suffices to prove that p * π 1 ( X,x) ≤ π s 1 (X, x). For, let [α] ∈ p * π 1 ( X,x) which implies thatx.
[α] =x. The path α : I −→ X by α(s) = α s is a lifting of α. This path in X hasx as initial point and α ∈ X as terminal point. Hence, by the definition of the action of π 1 (X, x) on p −1 ({x}),x.[α] =x if and only ifx = α or equivalently α is a small loop. Hence, p * π 1 ( X,x) = π s 1 (X, x), as required. Now by Lemma 4.3 , X is small loop space. Theorem 4.5. Suppose X is a locally path-connected, semi-locally small loop space. Then for every subgroup H ≤ π 1 (X, x) containing π sg 1 (X, x) there is a covering space p : X H −→ X such that p * π 1 ( X H ,x) = H for a suitably chosen base pointx ∈ X H . The authors [5] proved that the topological fundamental group of a small loop space is an indiscrete topological group. Also, in Section 3, it is proved that every cover of a small loop space is trivial. By [1, Theorem 5.5], the connected covers of X are classified by conjugacy classes of open subgroups of π top 1 (X, x), so if π top 1 (X, x) is an indiscrete topological group, then every cover of X is trivial. Hence there is an interesting closed relation between the small loop properties of a given space X, the topological fundamental group π top 1 (X, x) and the number of covering space of X as in the following theorem. Theorem 4.6. If X is a locally path connected, semi-locally small loop space, then the following statements are equivalent (i) X is a small loop space.
(ii) π top 1 (X, x) is an indiscrete topological group. (iii) every cover of X is trivial.
Proof. It suffices to prove (iii) → (i). Since X is a semi-locally small loop space, it has a small covering by Theorem 4.4 and therefore X is a small loop space, as desired.
